This paper proposes a unified statistical channel model to characterize the atmospheric turbulence induced distortions faced by orbital angular momentum (OAM) in free space optical (FSO) communication systems. In this channel model, the self-channel irradiance of OAM modes as well as crosstalk irradiances between different OAM modes are characterized by a Generalized Gamma distribution (GGD). The latter distribution is shown to provide an excellent match with simulated data for all regimes of atmospheric turbulence. Therefore, it can be used to overcome the computationally complex numerical simulations to model the propagation of OAM modes through atmospheric turbulent FSO channels. The GGD allows obtaining very simple tractable closed-form expressions for a variety of performance metrics. Indeed, the average capacity, the bit-error rate, and the outage probability are derived for FSO systems using single OAM mode transmission with direct detection. Furthermore, we extend our study to FSO systems using OAM mode diversity to improve the performance. By using a maximum ratio combining (MRC) at the receiver, the GGD is also shown to fit the simulated combined received optical powers. Finally, space-time (ST) coding is proposed to provide diversity and multiplexing gains, and the error probability is theoretically derived under the newly proposed generic model.
S PACE division multiplexing (SDM) technique allows to increase the capacity of a communication system by transmitting several independent data streams in parallel. In optical communications, SDM can be realized by sending different spatial modes in a multi-mode fiber or using many cores in Manuscript a multi-core fiber [1] . In analogy to optical fiber transmission systems, orbital angular momentum (OAM) is proposed to transmit multiple signals over free space channels [2] , [3] . This simultaneous transmission of information on OAM modes is possible thanks to the orthogonality property of OAM beams that allows propagation without interference between signals. A simple scheme of OAM FSO transmission consists in using only the intensity of OAM beams to carry the information. At the receiver, photo-detectors are used to detect light intensity, and the system is operating in intensity-modulation direct-detection (IM/DD). This configuration has a low cost and is more feasible for practical deployment. On the other hand, coherent detection mostly used with optical fibers can also be used for OAM FSO systems. In coherent systems, the spectral efficiency can be further increased by using the two polarizations of light and higher order modulation formats. However, these benefits come at the cost of the high receiver expense and complexity that increases with the number of modes. By using OAM multiplexing as an additional degree of freedom to polarization and wavelength, coherent laboratory experiment has achieved more than 1 Pbit/s capacity using 26 modes [4] .
In real life communication scenarios, transmitted OAM beams are subject to atmospheric turbulence induced distortions that if not properly addressed and compensated may deteriorate the entire FSO link [5] [6] [7] . Several experimental and simulation works have studied the effect of atmospheric turbulence and different techniques to emulate turbulence have been proposed. Atmospheric turbulence can be emulated by using a rotatable phase plate that has a pseudo-random distribution that obeys Kolmogorov statistics. This technique allows to control the turbulence strength and was used in [8] , at the transmitter for a 2-OAM transmission in a 100-m round trip FSO link. The same process was used in [9] to emulate turbulence in a 4-OAM modes transmission. An alternative to rotatable phase plate is spatial light modulator (SLM). In fact, the distorted phase hologram of a specific OAM mode after propagation can be generated by computer and printed on a SLM. The latter is used at the receiver as a demodulating SLM that contains the effect of atmospheric turbulence [10] . Besides, propagation of OAM modes through the turbulent atmosphere has also been subject to numerical simulation studies. This can be realized using the split-step 1536-1276 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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Fourier propagation method where turbulence is induced along the propagation path [7] , [11] [12] [13] [14] . This technique is very accurate and can simulate the propagation of any OAM mode for different turbulence regimes. Nonetheless, it is computationally complex as it involves many multiplication operations of matrices having large dimensions. Therefore it is important to have a statistical model to describe the propagation of OAM beams in turbulent free space. In classical FSO systems employing only the Gaussian beam for transmission, several statistical models were proposed for irradiance fluctuations. For example, a Log-Normal distribution can be used to model weak turbulence variations [15] . For moderate, to strong turbulence, a Double-Weibull stochastic model was proposed in [16] . Moreover, the Gamma-Gamma distribution is a widely accepted model used for all levels of turbulence [17] . For all the previous models, closed-form expressions for performance metrics such as the average capacity, the outage probability, and the bit-error rate (BER) were derived. In OAM FSO systems, to the best of our knowledge, the only proposed statistical channel models for turbulence-induced fading were given in [18] , [19] . In this models, the self-channel irradiance of OAM modes was shown to obey a Johnson S B distribution whereas the crosstalk between OAM modes follows an Exponential distribution. Knowing that the statistical properties of the Johnson S B distribution are analytically intractable, it is not possible to extract closed-form expressions for performance metrics. Moreover, the lack of a unified turbulence model makes it difficult to assess the effect of the interference on the performance of OAM modes. In [20] , the interference fading between OAM modes was assumed to be part of the added Gaussian noise. This consideration has allowed deriving a theoretical BER expression but was unfortunately not corresponding to the numerically simulated BER.
In this work, we show that the Generalized Gamma distribution (GGD) can efficiently model the turbulence induced self-channel fading as well as the crosstalk between OAM modes. The GGD gives a perfect fit for the weak, moderate, and strong turbulence regimes. Closed-form expressions for the outage probability, the average capacity, and the BER are derived for single-input single-output (SISO) transmission using only one OAM mode. Afterward, we consider a multiple-input multiple-output (MIMO) system using several OAM modes to provide diversity gain and hence improve the performance. Furthermore, space-time (ST) coding is proposed to achieve diversity and multiplexing gains, and the corresponding performance is analyzed.
The remainder of this paper is organized as follows. In Section II, we describe the OAM modes generation and propagation in turbulence, and then we present the GGD and its main statistical parameters. In Section III, we compare our proposed GGD model to numerical simulations of atmospheric turbulence fading and also to the Johnson S B and Exponential models. In Section IV, we derive closed-form expressions for performance metrics using the GGD model and compare the fitting goodness with numerical simulations. Afterward, spatial diversity using several OAM modes is studied and shown to give better performance than SISO links in section V.
In section VI, ST coding is proposed to achieve full diversity and multiplexing gains and the theoretical error probability is derived. Finally, the conclusion is given in Section VII.
II. CHANNEL MODEL

A. Orbital Angular Momentum Multiplexing
By definition, an electromagnetic wave carrying an OAM of m per photon is a wave possessing an azimuthally varying phase term exp(imφ), where m is an unbounded integer known as the topological charge, φ is the azimuth and is the reduced Planck constant [21] . To realize OAM multiplexing, single and superposition of orthogonal beams that have a well-defined vorticity can be used including Hermite-Gaussian (HG) beams [22] , Ince-Gaussian beams [23] , Bessel-Gaussian beams and Laguerre-Gauss (LG) beams [24] . In this work, we are interested in OAM derived from LG modes. The spatial distribution of the LG beams is given by [24] :
where r refers to the radial distance.
In [24] , w (z) = w 0 1 + (z/z R ) 2 is the beam radius at the distance z, where w 0 is the beam waist of the Gaussian beam, z R = πw 2 0 /λ is the Rayleigh range, and λ the optical carrier. In [24] , k = 2π/λ is the propagation constant, L m p (·) is the generalized Laguerre polynomial, where p and m represent the radial and angular mode numbers. OAM modes correspond to the subset of LG modes having p = 0 and m = 0.
OAM modes generation can be realized in practice by different techniques such as spiral phase plates (SPP) [25] , and spatial light modulators (SLM) [26] . An SPP is an optical device that has a spiral staircases form. This geometric shape allows to transform a Gaussian incident beam into a beam with a helical phase front. SPP is an efficient and stable manner to generate OAM beams. However a single SPP allows the generation of only one OAM beam. On the other hand, SLM allows to dynamically generate OAM beams. This is done thanks to computer generated holograms that are printed on the SLM. A transmission scheme of OAM FSO system is represented in Fig. 1 . The electro-optical modulator (EOM) modulates the signal of the external laser source (ECL). The output optical signal of the EOM is still a Gaussian beam. Thanks to printed holograms, SLMs create the desired OAM modes, then signals are multiplexed and sent into the FSO channel. At the receiver signals are demultiplexed and then inverse operations on the SLMs are performed to convert back signals to Gaussian beams that are detected using the photodiodes. The vorticity of OAM beams propagating in free space without atmospheric turbulence is preserved. Consequently, OAM beams maintain orthogonality as they propagate which can be described by [5] , [27] :
where u m (r, z) refers to the normalized field distribution of OAM mode of order m at the distance z and r refers to the radial position vector.
B. OAM Propagation in Turbulence
The propagation of OAM modes can be affected by atmospheric turbulence induced distortions [5] , [9] , [27] , [28] . Atmospheric turbulence is caused by pressure and temperature fluctuations in the atmosphere which result in a random behavior of the atmospheric refractive index [29] . These effects make the atmospheric refractive index to be spatially dependent which distorts the propagating light beams and causes the break of their orthogonality. The spatial fluctuations of the atmospheric refractive index obey a modified Kolmogorov spectrum given by [30] :
where f (κ, κ l ) = [1 + 1.802(κ/κ l ) − 0.254(κ/κ l ) 7/6 ]. C 2 n is the refractive index structure parameter. κ 0 = 2π/L 0 , with L 0 is the outer scale of the turbulence. κ l = 3.3 l0 , with l 0 is the inner scale of the turbulence. To emulate atmospheric turbulence, random phase screens are placed along the FSO channel. The strength of the turbulence in a FSO channel is given by the Rytov variance defined as σ 2 R = 1.23C 2 n (2π/λ) 7/6 z 11/6 . Weak atmospheric turbulence is usually associated with σ 2 R < 1, whereas strong turbulence refers to σ 2 R > 1 [7] , [27] . Saturation fluctuations of atmospheric turbulence occurs when σ 2 R >> 1 [16] , [31] . In our work, we define three regimes of atmospheric turbulence depending on the Rytov variance as follows [31] :
Due to atmospheric turbulence, the signal initially launched on an OAM mode m will spread to other OAM modes. The leakage of power is more important for adjacent modes to the mode m and tends to zero for further OAM modes from mode m as shown in [18] , [27] . Given that a set of M OAM modes can be launched at the transmitter and N OAM modes can be detected at the receiver. The transmission of OAM modes in turbulent FSO channel can be described by a multiple-input multiple-output system where the received signal on the n th ∈ N OAM mode is given by:
where x ∈ {0, 1} is the transmitted information bit. η is the optical-to-electrical conversion coefficient. v n is an additive white Gaussian noise with zero mean and variance equal to N 0 . I mn represents the fraction of power received on the analyzing field of OAM mode of topological charge n when the transmitted power is carried by OAM mode with topological charge m. I mn is given by the square of the scalar product between the fields of the two modes as [7] , [32] :
I mn was shown to have an Exponential distribution for m = n in [18] , and a Johnson S B distribution for m = n [19] .
In the next section we introduce the GGD and present some of its useful statistical properties that we will use latter for performance metrics derivation.
C. Generalized Gamma Distribution
The GGD was proposed by Stacy in [33] . Its probability density function (PDF) is given by:
where a and c are the shape parameters, b is the scale parameter of the GGD, and Γ(·) denotes the Gamma function. The GGD is a very flexible distribution that includes several well-known distributions. For c = 1, Eq. (7) 
The cumulative distribution function (CDF) of I can be obtained using the definition of the Meijer's G function in [35, Eq. (2.9.1)]:
The k th moment of the GGD defined as E I k = ∞ 0 I k f I (I)dI is given by [34, Eq. (2)]:
where E[·] is the expectation operator. The moment generating function (MGF) of the GGD can be derived in terms of the Fox's H function as [36, Eq. (27) ]:
To evaluate the Fox's H function, an efficient MATHEMAT-ICA implementation can be found in [37, Appendix A]. A simpler expression for the MGF is given in the form of an infinite sum as [33, Eq. (20) ]:
III. GGD FITTING COMPARISON WITH SIMULATIONS
In this section, we evaluate the suitability of the proposed GGD to fit the simulation data. As we are working in an IM/DD setup, our Monte Carlo simulations of OAM propagation through the turbulent atmosphere are performed at wavelength λ = 850 nm. The beam waist at the transmitter is ω 0 = 1.6 cm. On the other hand, the optical receiver is assumed to be large enough to collect all the power on the OAM modes. This condition is satisfied when the receiver diameter is d Rx = 2w z √ m max , where w z is the radius of the Gaussian beam and m max is the highest OAM topological charge used in the system. To create the desired OAM modes, SLMs having 512 × 512 pixels are used. The propagation distance is set to z = 1 km, the inner and outer scales of turbulence are set to l 0 = 5 mm and L 0 = 20 m, respectively. Atmospheric turbulence is emulated by placing 20 random phase screens each 50 m along the propagation path. Each phase screen is evaluated as the Fourier transform of a complex random distribution with zero mean and variance equal to 2π N Δx 2 Φ(κ), where N = 512 is the array length and Δx = 1.36 mm is the grid spacing assumed to be equal in both dimensions x and y. Propagation through the turbulent atmosphere is simulated using the commonly used split-step Fourier method [11] .
Let I 1 mn , . . . , I N mn be the set of irradiance realizations for a particular m and n. N is the number of samples, where for each I mn we have simulated N = 10 6 realizations. We use a maximum-likelihood (ML) estimation in order to estimate the parameters a, b, and c of I mn . The ML estimator computes the loglikelihood function given by [38] :
The estimated parameters a, b, and c represent the values for which the previous function is maximized and are giving by [38] , [39] :
where ψ 0 denotes the digamma function. In our simulations, we have used the ML implementation given in the wafo toolbox [40] .
To validate the goodness of the proposed GGD fit, we used the mean square error (MSE) test. The latter can give a measure on the accuracy of the GGD fitting to the simulated data. The MSE estimator is defined as:
whereF k (I mn ) is the empirical distribution function of I mn and F k Imn (I mn ) is the cumulative distribution function of I mn computed using the estimated GGD parameters of I mn .
In Figs. 2, 3 , and 4, we plot the distributions of I mn for m ∈ M = {+1, +3, +5, +10} and n ∈ N = {m − 1, m, m + 1} for different atmospheric turbulence regimes. Also for each distribution, a GGD fitting along with a Johnson S B or Exponential distribution fitting are plotted. In Fig. 2 , a weak turbulence regime given by C 2 n = 5 × 10 −15 and σ 2 R = 0.2 is considered. The center column of the figure shows the obtained results for the self-channel irradiance (i.e., the distribution of the power transmitted on OAM mode m and detected on the same OAM mode n = m). The obtained distributions have a perfect correspondence with the distributions obtained in [18] . The histograms are left skewed and very close to the value of 1. This is explained by the fact that almost all power transmitted on a specific OAM mode remains in this mode when atmospheric turbulence is weak. Furthermore, we notice that the GGD gives a perfect fit with the obtained histograms and very low values of the MSE were achieved. In addition, the left and right columns of Fig. 2 shows the distribution of the crosstalk of the adjacent OAM modes to the transmitted OAM mode m. We notice the Exponential shape of the crosstalk histograms which are perfectly fitted by the GGD, and achieving an MSE always less than 4 × 10 −6 .
In Fig. 3 , a moderate to strong atmospheric turbulence regime with C 2 n = 7 × 10 −14 and σ 2 R = 2.80 is considered. From the center column of Fig. 3 , we notice that the effect of turbulence is remarkable on the distributions of I mm which are no longer tight and close to 1. In this regime of turbulence, the GGD is also capable of fitting the simulated data histograms with an MSE less than 1.6×10 −4 . For OAM mode m = +10, the GGD provides a better fit than the Johnson S B . In addition, the crosstalk histograms are perfectly fitted by the GGD and its fitting is also much better than the Exponential fit. Lastly, for the saturation regime, we have considered C 2 n = 3 × 10 −13 and σ 2 R = 12. As for the previous two cases, the GGD gives an excellent fit for all the obtained distributions and achieves a very low MSE. Moreover, for the crosstalk distributions, we notice from Fig. 4 that the GGD gives a better fit than the Exponential fit. Consequently, all the previous results indicate that the GGD is a very suitable candidate to model the irradiance distributions of OAM FSO transmission systems in the presence of atmospheric turbulence. Furthermore, we also notice from Figs. 2, 3 , and 4 that the Consequently, the computation of the parameters of the GGD in OAM FSO systems as a function of the OAM mode order and the turbulence strength is subject of future works.
IV. PERFORMANCE ANALYSIS OF SISO OAM LINKS
In this section, we consider that only one OAM mode is transmitted and detected in a system operating in intensity modulation and direct detection. For notational convenience, we omit the subscript m and refer to I mm by I. The instantaneous electrical signal-to-noise ratio (SNR) is defined as γ = (ηI) 2 /N 0 . The average electrical SNR is defined as μ = (ηE {I}) 2 /N 0 . After a simple power transformation of the variable I in Eq. (8), the PDF of the instantaneous SNR can be written as:
The CDF of the SNR defined as: F γ (γ) = 
Now that we have defined the PDF and CDF of the SNR, we can proceed to the performance metrics derivation.
A. Ergodic Capacity
The ergodic capacity is defined as [41] , [42, Eq. (26) ]: (0, c/2)(1, 1) (a, 1)(0, 1)(0, c/2) . (21)
B. Outage Probability
The outage probability P out is the probability that the instantaneous SNR falls bellow an SNR threshold γ th that ensures a reliable communication. It is given by the CDF of γ evaluated at the value γ th as:
C. Average BER
The BER expression for IM/DD FSO systems can be obtained using [43, Eq. (19) ]:
where Γ(·, ·) is the upper incomplete Gamma function. The previous equation can also be derived in closed-form expression given by the Fox's H function as [36, Eq. (27) ]:
(a, 1)(0, 1) . 
D. Numerical Simulations Evaluation
In this section, numerical simulations of the previous defined performance metrics are presented and compared to Monte Carlo simulations. In Fig. 5(a) , we plot the ergodic capacity as a function of the average SNR for the SISO link using OAM mode m = +1 for different levels of atmospheric turbulence. From the figure, we notice that the capacity decreases with increasing turbulence. Furthermore, we clearly observe that the analytical capacity curves have a perfect match with the simulated capacities which confirms the accuracy of our derivations. In Fig. 5(b) , we compare the ergodic capacities using different OAM modes for the moderate to strong turbulence regime given by C 2 n = 4×10 −14 and σ 2 R = 1.60. The highest capacity is obtained for OAM mode m = +1 followed by other OAM modes having slightly the same capacity. This can be explained by the fact that OAM mode m = +1 is the less affected by atmospheric turbulence and as shown from Fig. 2 the power distribution of OAM mode m = +1 remains mostly in the same mode.
The outage probability of OAM mode m = +1 is presented in Fig. 6(a) as a function of the normalized average SNR for different levels of atmospheric turbulence. From the figure, we notice that the outage probability increases with increasing atmospheric turbulence which degrades the performance. For example, at a normalized average SNR of 20 dB, when the Rytov variance is σ 2 R = 0.2, P out = 3 × 10 −4 and for σ 2 R = 1.2, P out = 1.5 × 10 −3 . In Fig. 6(b) , we compare the outage probabilities obtained by different OAM modes for a moderate to strong atmospheric turbulence regime with C 2 n = 4× 10 −14 and σ 2 R = 1.60. From the figure, we notice that the lowest outage performance is reached by OAM mode m = +1 and as the OAM mode order increases the outage performance degrades.
In Fig. 7(a) and 7(b) , the average BER is plotted as a function of the average SNR for different OAM modes and at several levels of atmospheric turbulence. From the figures, we can notice an excellent match between theoretical results and simulations, and as for the outage probability, OAM mode m = +1 achieves the lowest BER performance. Consequently, from all the previously obtained results, the proposed analytical performance metrics derived from the GGD are very accurate and perfectly match numerical simulations.
V. MIMO OAM LINKS WITH SPATIAL DIVERSITY
In this section, we propose to enhance the error performance of OAM FSO systems by using multiple OAM beams to transmit the same data. Typically, FSO systems have used multiple transmitters and receivers having apertures that are separated enough to bring diversity gain [44] , [45] . However, this strategy comes at the cost of more hardware complexity and apertures spacing limitations which cannot always be satisfied. Spatial diversity can be used at the receiver in the form of a single-input multiple-output (SIMO) system as in [27] . At the receiver, combining techniques such as equal gain combining (EGC), selective combining (SC) or maximum ratio combining (MRC) can be used. Spatial diversity can also be set at the transmitter in the form of a multiple-input singleoutput (MISO) system [46] . In this case, beamforming can be used thanks to channel state information to improve the performance [47] . Moreover OAM mode selection can also be used to achieve better rates and lower BER [14] , [27] . In the absence of channel state information, space-time coding can also be used as an alternative solution to increase the performance [14] . Spatial diversity can be used at both the transmitter and the receiver in the form of a MIMO system [46] . We consider a square MIMO system (M = N ) where M = |M| OAM modes are transmitted and received. By using a MRC at the receiver, the electrical SNR is given by [46, Eq. (14) ]:
where the factor 1/M 2 in the previous equation allows to compare the SISO and MIMO systems at the same transmitted optical power. The derivation of the exact PDF of γ M is complex as it involves sums of GGDs that are non identically distributed. To overcome this issue and compare the performance of SISO and MIMO configurations, we approximate I M = Before performance evaluation of the MIMO system, it is important to choose the appropriate OAM modes in order to fully exploit the benefit of the spatial diversity. When an OAM mode of order m is used for transmission, it is normal to detect the power conserved in that mode first. In fact, the power I mm is much higher than the power spread into other modes given by I mn as shown from Figs. 2, 3, and 4 . When using spatial diversity, the detected signal on OAM mode n contains the power transmitted from OAM mode n and also crosstalk powers from other transmitted OAM modes as given by Eq. (5) . Furthermore, the performance achieved by the spatial diversity is limited by the correlation between spatial paths [44] . Therefore, to achieve the maximum spatial diversity gain, the correlation between the self-channel irradiance I mm and the crosstalk I mn has to be minimal. To have an insight on the correlation between OAM modes, we propose to compute the correlation coefficient between I mm and I mn given by:
where cov (·, ·) is the covariance and σ (·) is the standard deviation. Consider that OAM mode m = +1 is transmitted, we compute the correlation coefficients between I +1+1 and I +1n for n ∈ N = {−10, −9, . . . , +9, +10}. In Fig. 8 , we plot the correlation coefficients for the weak (resp. strong) turbulence regimes given by C 2 n = 5 × 10 −15 and σ 2 R = 0.2 (resp. C 2 n = 7 × 10 −14 and σ 2 R = 2.8). From Fig. 8 , we notice that adjacent modes to the transmitted mode m = +1 have inverse correlation coefficient. The latter increases as the mode order gets further from m = +1. Therefore, closer OAM mode orders are preferred to achieve a maximum diversity [27] . In addition to the correlation, the power spread from the transmitted mode due to atmospheric turbulence is more important for adjacent OAM modes than further modes. Therefore, higher SNR gain will be provided by using modes with closer OAM order.
In Fig. 9 , the performance of OAM FSO system using spatial diversity is presented for the moderate to strong turbulence regime given by C 2 n = 7 × 10 −14 and σ 2 R = 2.80. For both the outage probability and the average BER, we notice that the set M = {+1, +2} achieves better performance than the set M = {+1, +3} as expected. Furthermore, increasing the number of OAM modes enhances the performance as shown from the curve with the set M = {+1, +2, +3}. In addition, we have also approximated I M with a GGD and estimated its parameters which allowed to compute the theoretical outage probability and average BER. The plotted curves based on the GGD approximation give an excellent match with the simulated data.
VI. SPACE-TIME CODING FOR OAM FSO SYSTEMS
In the previous section, we have shown that spatial diversity can improve the error performance by sending multiple replicas of the same signal on different OAM modes. Nonetheless, the achieved diversity performance was obtained at the cost of a reduced multiplexing gain. To achieve full diversity and multiplexing gains, we consider space-time coding. ST coding was originally designed for wireless radio-frequency (RF) systems [48] . The Golden code [49] was designed for 2 × 2 wireless MIMO systems and achieves a full diversity with the best coding gain for Rayleigh fading channels. The Alamouti code [50] , is a half-rate orthogonal ST code that also achieves a full diversity and has the benefit of a very low decoding complexity that reduces to a simple channel inversion. ST coding was also demonstrated with heterodyne multiple apertures FSO systems [51] . However, due to the high cost of heterodyne implementation and complex signal processing required for ST decoding, it is not easily deployed in practice.
In addition, ST coding was also investigated for multiple apertures IM/DD FSO systems. In [52] , a theoretical error probability was derived, and ST coding was shown to achieve full diversity. Furthermore, modified versions of known ST codes from RF were constructed and adapted to IM/DD systems. In [53] , [54] modified versions of the Alamouti code were proposed. The new constructed Alamouti code preserves all the useful properties of the original code. The codeword matrix of the Alamouti code is given by [53] :
where the symbol ∼ s i refers to the bit-wise not of the transmitted bit s i . The main drawback of the Alamouti code is its half-rate code that only allows sending two bits s 1 , s 2 during two time slots and using two OAM modes. Furthermore, Mroueh has proposed the Golden-Light (GL) code [55] which is an extended version of the Golden code that was adapted to IM/DD systems. The proposed code was shown to conserve an optimal and non-vanishing determinant. The GL codeword is given by [55] :
where z * 1 = 1 2 1 + √ 5 and z * 2 = 2 + √ 5 are specific algebraic numbers related to the code construction. In addition to a full diversity, The GL code has a full-rate, which means that during two time slots and using two OAM modes, the GL code allows transmitting four bits s 1 , s 2 , s 3 , s 4 .
To evaluate the performance of ST coding in OAM FSO systems affected by atmospheric turbulence, we consider that M OAM modes are transmitted and detected. The resulting MIMO transmission system is given by:
where X ∈ R M×M and Y ∈ R M×M are the transmitted and received codewords. N ∈ R M×M represents an additive white Gaussian noise with zero mean and a variance N 0 per complex dimension. I represents the channel matrix with entries I mn .
In the next section, we derive a theoretical expression of the error probability of ST coded OAM FSO systems.
A. Derivation of the Error Probability
Let X i be the transmitted codeword and X j the estimated codeword. Considering a maximum-likelihood decoder, the error probability is defined as:
For equiprobable codewords and using the union bound of the error probability [56] , we obtain:
where C is the set of all possible codewords and P r (X i , X j ) is the average pairwise error probability (PEP) of transmitting X i and decoding X j . Let X = X i −X j denotes the difference of two codewords, the evaluation of the error probability simplifies to the averaging of the conditional PEP given by [52] :
with Q(x) = 1 π π/2 0 exp − x 2 2 sin 2 θ dθ and IX 2 = tr (IXX * I * )
where I n = (I 1,n , . . . , I M,n ). X Δ = XX * is a hermitian matrix, thus there exists a unitary matrix U and a real diagonal matrix D = diag (λ 1 , . . . , λ M ) such that X Δ = UDU * , hence:
with β mn = M k=1 u km I kn . By injecting the previous equation in Eq. (32) and using the definition of the Q function, the pairwise error probability becomes: (36) where we have denoted ζ m = η 2 λm 2N0 M 2 . A further derivation of the previous equation requires the knowledge about the distribution of β mn which is not accessible due to the terms u km . However, in the case of orthogonal ST codes we have
, and x Δ mn are the elements of the matrix X Δ and ½ 2 is the two dimensional identity matrix. Therefore in the case of orthogonal ST codes, Eq. (36) becomes:
I 2 mn dθ, (37) As detailed in the previous section, the fading coefficients I mn are not independent. Hence, it is not possible to apply the approach used in [48] that consists in taking the average of the conditional pairwise error probability and writing the moment of the product as the product of moments. To overcome this, we approximate the random variable M m,n=1 I 2 mn with a GGD. Therefore, the SNR of orthogonal ST codes can be written as γ ⊥ = η 2 N0 M 2 M m,n=1 I 2 mn . Hence, the average pairwise error probability of orthogonal ST codes becomes:
where M γ ⊥ (·) is given in equation (11) or (12) .
B. Numerical Results
We consider a 2 × 2 MIMO system using the set of OAM modes M = {+1, +2}, and we compare the performance obtained by using ST coding to the spatial diversity. To make a fair comparison between the different schemes, we compare the BER performances at the same transmitted bits per channel use (bpcu). For this purpose, we use an L-aray pulse amplitude modulation (PAM). In the case of the GL code, it is possible to send 4 modulated symbols during 2 time slots. We use a 2-PAM modulation to obtain a rate of 2 bpcu. To satisfy the same rate, we use a 4-PAM modulation in the case of the Alamouti code and the spatial diversity scheme. In Fig. 10 , we plot the obtained BER performance. The SISO link using OAM mode m = +1 is also plotted as a reference. From the figure, we notice that the GL code outperforms all other schemes. This is due to the coding gain of the GL code and also the use of the 2-PAM modulation instead of the 4-PAM for other schemes. Moreover, we notice that the spatial diversity scheme outperforms the Alamouti code which is consistent with the previous results obtained in [53] , [58] . In addition, the theoretical performance of the Alamouti code based on the GGD approximation has a good match with the simulated performance. 
VII. CONCLUSION
In this paper, we have proposed a new statistical model for atmospheric turbulence fading in OAM FSO transmission systems. The proposed GGD can model the self-channel irradiance of OAM modes as well as the crosstalk between OAM modes for all atmospheric turbulence regimes. Hence, the proposed model can be used to overcome the computationally complex Monte Carlo simulations to simulate the propagation of OAM beams. Afterward, we have derived analytical expressions for the ergodic capacity, the outage probability, and the average BER. The obtained results show perfect match with simulations. Moreover, we have proposed to enhance the performance of OAM FSO systems by considering spatial diversity where several OAM modes are used to transmit the same data. From the obtained outage probability and average BER, significant performance improvements were achieved. Finally, ST coding was proposed to achieve full diversity and multiplexing gains. A theoretical derivation of the error probability was conducted, and numerical simulations of different ST codes were presented.
